Try this worksheet after you have completed section 14.3

You should know these derivatives and integrals of trigonometric functions.

= f(x) =sinx= f’(x) = cos x Jsinxdx=—cosx+C

fx)=cosx= f'(x) =—sinx Jcosxdx=sinx+C

1

—, cosx =0
Cos™ x

f(x)=tanx = f'(x)=

Exercise 1

1 Use that fact that tanx =

SIX o5 x#0 andfldu=m\u\+c to find [tanxdx.
Cosx u

Derivatives and integrals of reciprocal
functions

Each of the three trigonometric functions has a reciprocal trigonometric function.

=> The reciprocal of sine is cosecant.  cscx= L sinx #0
Sinx

. .. 1
The reciprocal of cosine is secant. secx=——,cosx#0
Cosx

The reciprocal of tangent is cotangent.

1 cos
cotx=— tan x#0 or cotx =%
tan x sin x

,sinx #0

Exercise 2

1 Express the derivative of tanx in terms of a reciprocal trigonometric function.

2 Use that fact that cscx = L to show that the derivative of cscx is —cscxcotx.
sSinx

3 Use that fact that secx =—L— to show that the derivative of secx is secxtanx.
COosx

4 Use that fact that cotx = L €9S% t0 find the derivative of cotx.
tan x Sinx

5 Use that fact that cotx == and jl du=Inu/+C to find [cotxdx.
u

smx
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Integrals of secant and cosecant

Deriving the integrals of cosecant and secant takes a little creativity.

Exercise 3

1 Show that Jcsc xdx =—In|cscx + cot x|+ C . To do this, follow these hints.
a Rewrite [cscxdx as [(cscx)(1)dx
b Substitute SC¥*FCOY in place of the factor of 1.

cscx +cotx
Distribute.

0

Q.

Integrate using a u-substitution where u=cscx+cotx.
2 Use a strategy similar to that in Question 1 to find jsecxdx.
3 Make a summary of the derivatives and integrals of the three basic trigonometric

functions sine, cosine and tangent and their three reciprocal functions cosecant,
secant and cotangent.

Use the fact that you can now differentiate and integrate all six trigonometric
functions to solve the problems in Exercise 4.

Exercise 4

1 Find the derivative of each function.
a f(x)=2tan3x
b y=sec (xz )
c f(x)=cot(rx)

d g(x)=cscxcotx

e f(x):ﬂ

1+tanx

2 Find each indefinite integral.
a [esc4xdx

b je’f tan(e*)dx

2
c jsecxdx

tan x

d jcot%dx

22 2
sSIn” x+Ccos” x
e [Hmxioosigy

Cosx
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Chapter 14 extension worked solutions

Exercise 1

1 Jtan xdx= J SY dx Use to identity tanx =" to rewrite the integrand.
Cosx cos X
_du
= % dx Use the substitution method to integrate. Let u = cosx,

then % — —sinx and so — du _ Sinx.
dx dx

_f Lay
u

—Inlu| +C

=—In|cosx| +C

Exercise 2

d 1
— [tanx] =
1 dx [ ] cos’ x
1Y L 1
=( ) Use the identity sec x =——
COosx cos X
=(secx)’
i[tan x]=sec’x
dx
2 i[csc x]= i[ ! ] Use the identity csc x = i
dx dx [ sinx sinx
_ (sinx)(0)— (1)(cos x)
- sin’ x Apply the quotient rule.
—_ COosx
sin? x

_ 1 COS x
- (sinx J( sinx ) Factorize and then use the identities

d
a[csc x]=-cscxcotx cosx

1
csex =—— and cot x ===
smx

sinx
3 i[secx]:i[ ! ] Use the identity secx=—1_
dx dx [ cosx cos x
= (cosx)O) ~()CSinY) - gpply the quotient rule.
COS2 X
_ sin x
cos® x
—(_1 Ysinx Factorize and then use the identities
COosx Ccosx / .
=secxtanx secx=—"— and tanx =""*
coS X coS X
4 Yicotx=4 [Cf’s x ] Use the identity cot x =<
dx dx | sinx Sinx
= (inN(Esinx) — (cos )(Cos %) Apply the quotient rule.
sin® x
_ —(sin2 x +cos’ x)
sin’ x
4 [cotx]=- or —csc’x Use the identities sin’x +cos’x =1 and cscx = i
dx sin® sinx
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5 J cot xdx = J :;x Use the identity cot x ==X to rewrite the integrand
X sinx
@ dx Use the substitution method to integrate. Let u = sinx,
then  _ osx
1 dx
= J ~du
u
=In|lu| +C

=In|sinx| +C

Exercise 3
1 a JcscxM=J(cscx)(l)dx

J (csc (1) dx = J (csc %) (wjdx

cscx +cotx
(csc x) cscx+cotx) g csczx+cscxcotxdx
cscx +cotx cscx +cotx
esc? x 4 osC £ COt x du Let u = csc x + cot x, then
d | edmreercorg, [
ax du du
cscx+cotx u dx 2= esex cot x —csc’ x or —a=csczx +¢scx cot x

:—j ldu
u

=—Inlu|l +C
=—In|csc x+ cotx|+ C

secx +tanx sec x + tan x

2 Jsecxdx fsecx SeC’““tar“‘)dx Multiply by 1 where 1= **1an%

_ [ sec’x+secxtanx
secx +tanx

Let u = sec x + tan x, then

du
dx du _ _
dx gy = =secxtan x + sec® x = sec® x + sec x tan x
u
:Jldu
u
=Inlul +C

=In|secx+tanx|+ C

3 i[sinx]=cosx i[cscx]=—cscxcotx
dx dx
d . d _
—[cosx|=—sinx a[secx]—secx'canx
9 tanx]=—L : 9 lcotx]=—
dx cos” x dx
fsinxdx=—cosx+C fcscxdx=—1n|cscx+cotx|+C
fcosxdx=sinx+C fsecxdx=1n|secx+tanx|+C

jtanxdx:—lnlcostC jcotxdeInlsinx|+C
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Exercise 4
1 a f(x)=2tan 3x
f'(x) = 2(sec? 3x)(3) = 6 sec? 3x
b y=sec(x?)
Y = [sec(x?) tan(?)] (24) = 2x sec(x?) tan(x?)
c f(x) = cot(mx)
f(x) = [—csc? (mx)](m)=— mcsc? (mx)
d g(x)=cscxcotx

g'(x) = (csc x)(—csc?x) + (cot x)(—csc x cot x) =—csc> x —csc x cot? x

secx
X)=
€ f( ) 1+tanx

Fi) = (1+tanx)(secx tanx)— (secx)(sec2 x) _secxtanx+secxtan’ x —sec’ x
(1+tan x)z (1+tan x)2

2 a Jcsc4xdx=—i1ncsc4x+cot4x+C
b Letu=e"thend—u=e"
dx

+C

J e"tan(e*)dx = J jx—”tan(u)dx = j tanudu =—In|cosu|+C =~In|cose*

c Letu =tan xthen gx—”=sec2x

du
jseczxdxzjwdx=J1du=Inu+C=lntanx+C
u u

tanx
- (1
sSm| —x
(>)

J cot%dx =J COt(%x)de%ln
2

22 2
Jsm“wsxdx:J 1 dx=fsecxw=ln|secx+tanx|+c

Cosx Cosx

Q.

+C:21n‘sin%‘+c

(1]
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