EXTENSION MATERIAL

An algebraic look at limits

Try this worksheet after you have completed section 7.1

Section 7.1 examined the concept of the limit of a function graphically and by using

tables of values. This worksheet looks at finding some limits algebraically, using limit
properties.

We know that lim f(x) does not depend on the value of f at x = c. However, for some
well-behaved ﬁ;lcctions 1}(1_1)151 f(x) =f(c) . In this case the limit may be found by direct

substitution, that is by evaluating f at c.

Basic limit properties
Let b and ¢ be real numbers and let # be a positive integer.

1 limb=b The limit of the constant function f(x) = b as x approaches cis b.

x—c

2 limx=c The limit of the identify function f(x) = x as x approaches c is c.

3 limx"=¢"  The limit of f(x) = x" where # is a positive integer, as x approaches ¢
can be found by using direct substitution.

EXAMPLE 1

Find each limit.

a lim2 b limx ¢ limx?
x—4 x—3

x—>-3
Answers
a 1in41 2=2 by Property 1
b lirgx =-3 by Property 2
c 1in31xZ =3*=9 by Property 3

More limit properties

Let b and ¢ be real numbers and let # be a positive integer.

Let lim f(x)=L and lim g(x)=M.

4 lim[of(x)]=bL The limit of a constant times a function is the
constant times the limit of the function.

5 lim[f(x)* g(x)|=L+ M The limit of a sum (or difference) is the sum
(or difference) of the limits.

6 lim[ f(x)g(x)]=LM The limit of a product is the product of the limits.
1}_{9[%] = %, ifM+0 The limit of a quotient is the quotient of the limits, if

the denominator does not equal 0.
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EXAMPLE 2
Find each limit.
a lim(3x’-2) b lim2*.
32 +>-1x+3
Answers
a £1£121(3x2 -2)= lim3x* —lim2 by Property 5
— 21 2 _ 13
=3limx* —lim2 by Property 4
=3(2*)-2 by Properties 3 and 1
=10 simplify
b lim 2% —_1m>* by Property 7
A3 T m(r+3) SRy
_ 2limx by Property 4
- lim x + lim3 by Property 5
_2(-1) by Property 2
-1+3 by Properties 2 and 1
=-1 simplify

These examples show that you can use direct substitution to find limits of polynomials
and limits of rational functions that do not lead to zero.

For example:

lim (3x? ~2)=3(2")-2=10 and lim 2* = 2D =,

io-ly+3 143

Sometimes when direct substitution leads to a zero in the denominator of a rational
function, you can factorize and then rewrite the function. You can then use direct
substitution.

EXAMPLE 3
Find lim %2
X X" —
Answer
lim ’2_24 Direct substitution leads to 0 in the
X —
* denominator
. ox—2 . x—2 . 1 1 1 5 . 5 X
lim=—= =lim =lim—=—-=- Factorize the denominator, simplify and
2 gt -4 w2 (x-2)(x+2) =2x+2 242 4 .
then substitute

Exercise

Find each limit. Show how the properties verify that direct substitution leads to the limit.

1 limx 2 lim**2 3 lim(2¢*+x-1)
x——4 x-1 x—5 x—-2
2
4 lim*=%*4% 5 [im5 6 lim3x
x—=2 x—-2 x—6 x—-2
2
7 lim*=3 limX_—*-6 li 2 3)x+4
agISlx+3 8 x1—>13x2+6x+8 9 xlgl[(x ) )]
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EXTENSION MATERIAL

Chapter 7 extension worked solutions

Exercise
1 lirgx =—4 (by Property 2)
xp2 limxr+2)
2 lir S lim(x ) (by Property 7)
limx +1im 2
==Ll (by Property 5)
11£r11 x— lgrll 5
= % (by Properties 2 and 1)
= —% (simplify)

3 lin21(2x2 + Jc—1)=li11212x2 + limx — linzll (by Property 5)

x—2

= 21i1121 X%+ linzlx - linzll (by Property 4)

=2(2")+2-1 (by Properties 3, 2 and 1)
=9 (simplify)
4 lim x ;4_"; 4= lim (’;__22) (direct substitution leads to 0 in denominator; factor)

= Iinzl(x —-2)  (simplify)
=limx—lim2 (by Property 5)
=2-2 (by Properties 2 and 1)
=0 (simplify)

5 !glgS =5 (by Property 1)

6 lim3x= 3lirgx (by Property 4)

o =3(-2) (by Property 2)
=-6 (simplify)

: x-3 £i£1}(x -3)

7 lim— = limGx +9) (by Property 7)
lim x - lim 3 by P 5
= rims (Y Property 9
_3-3 - ~
=313 (by Properties 2 and 1’
=0 (simplify)
8 lim x; —X70 i (=3 +2) (direct substitution leads to 0 in denominator; factor)
=-2x"+6x+8 x>-2(x+4)(x+2)
o x-=3 . .
= )1(133 T4 (simplify)
_ limGx-3) (by Property 7)
Iirg(x +4)
_lmx-lim3 by Property 5)
lin_l2 x + }Lrg 4
——2-3 (by Properties 2 and 1)
-2+4
__5 (simplify)
2
9 lxi£131[(x2 =3)(x+4)]= lxig}(x2 - 3)1xi£131(x +4) (by Property 6)
= [t =" ~tim3][tim + lima] oy Property 5)
=[3"-3][3+4] (by Properties 3,1,2 and 1)
=42 (simplify)
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