Angle sums and
differences

Try this worksheet after you have completed section 11.3

You can use what you have learned about the unit circle and about triangle trigonometry
to help you understand some important trigonometric formulae.
The angles ¢, f and o — 3, are shown on the unit circle in the diagram.

A(cosa,, sinf3)
In triangle AOB, AC L OB.

B(cos, sinc) You can find AB using the distance formula:

pc PO AB=\/(cosoz—cos/3)2+(sinoc—sin/3)2

AB? = cos? oc — 2cos o cos B+ cos? B+ sin? @ — 2sin o sin  + sin? §
AB? =2 — 2cos ¢ cos B — 2sin o sin 8 (using Pythagorean Identity from section 11.3)

AB? =2 — 2(cos a cos § + sin o sin 3)

_AC= sin(a-P) This is the same triangle AOB, with AC L OB
You can find AB using Pythagoras.

AB=JVAC*+BC’

0C = cos(a-)  BC=1- éos(a—ﬁ)
AC?2=1-0C?2=1-cos(ac— )’ and BC?= AB? - AC?

AB=\/(sin(a —ﬂ))2 +(1-cos(a —[3))2

AB?2=sin? (- )+ 1 — 2cos(a — B) + cos? (o — B)

AB2=2-2cos(a— B)

You now have two different expressions for AB?2, so you can set these equal to each other.

2 = 2cos(or — B)=2 — 2(cos c cos  + sin o sin 3)

> cos(or — )= (cos & cos 3 + sin ¢ sin 3)
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You can use this formula to find the exact values of trigonometric ratios for
angles such as 15°.

EXAMPLE 1

Find the exact value of cos 15°

Answer

cos 15°=cos (45-30)° 15° =45°—30°
=cos 45°cos 30°+sin 45°sin 30°

{EIEHE

cos 15°=

There are three more formulae for finding the sines and cosines of other angle sums
and differences.

Here are all four formulae.

=> sin (o + B)=sin o cos B + cos o sin 3 cos (o + B)=cos cxcos B — sinosin B
sin (ot — )= sin o cos B — cos & sin 3 cos (o — )= cos ccos B + sin o sin 3

Exercise 1

For questions 1 — 6 use the angle sum and difference formulae to find:

1 sin 15° 2 cos 75°
3 sin 105° 4 sin 75°

5 cos 105° 6 sin 165°
EXAMPLE 2

A and B are two acute angles.
sin 4 =§ and cosB=%

Find the exact value of sin (4 + B).

Answer
sin? A+ cos’4=1 Use the formula sin’6 +cos*0 = 1 to find the
: )
(EJ tcos' A =1 values of cos A and sin B.

cosA= _(Z) =§
B 3

sin? B+ cos’ B=1

1 2
sin2B+(—) =1
4

sinB = 1—[%)2 = \/‘11—5
sin(A+ B)=sin Acos B+cos Asin B
&)

_2+5M3
12

Use the formula again to find sin(A + B).
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Exercise 2
For questions 1-6 let A and B be two acute angles such that cos 4 =§ and sin B =%.

Find the exact value of:

1 sin(4 + B) 2 cos(4 + B)
3 sin(4 — B) 4 cos(B— A) (Remember that sin(2A) can 1
5 sin(24) 6 cos(2B) also be written as sin(A + A).
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Exercise 1

1 sinl5°=sin(45-30)°
=sin45°co0s30°—cos45°sin30°

(V2 )(VB (V2 )(1)oVe-V2
2 2 2 2 4
2 cos75°=cos(45+30)°
=c0s45°c0s30°-sin45°sin30°

(V2 (B (Y2 )(1)oVe-v2
2 2 2 2 4
3 sin105°=sin(45+60)°
=sin45°co0s60°+cos45°sin60°

:[ﬁ11)+(ﬁlﬁ]=ﬁ+\/€
2 \2)7 2 )2 4

4 sin75°=sin(45+30)°
=sin45°c0s30°+cos45°sin30°

(V2 B (V2 )12 VerV2
2 2 2 2 4
5 cos105°=cos(45+60)°
=c0s45°c0s60°—sin45°sin 60°

fERreres

6 sinl165°=sin(45+120)°
=sin45°co0s120° +cos45°sin120°

(E] (2] L) 55

2 2 2 ) 4

Exercise 2

1 sinA:\/7=\/H=x/2_1
cosB—\/i \f 242

sin(A4+ B)=sin Acos B+cos Asin B
_(A21)(22 +(,J[1J _2+0/%
5 3 5)\3 15
2 cos(A+B)=cosAcosB—sinAsinB
=(2) 22) (V21 (1]=4ﬁ—ﬁ
5 3 5 3 15
3 sin(4-B)=sinAcos B-cosAsin B

ARG -5
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4 cos(B—A)=cosBcosA+sin Bsin 4
(2 [sz) V21| _ 424421
3 5 3 5 15
5 sin(2A)=sin(A+A)
=sin Acos A+cos Asin A
(Y21 (sz] V21| _ 421
5 5 5 5 25
6 cos(2B)=cos(B+B)
=cosBcos B—sin Bsin B

LI
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